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Numerical Differentiation 
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• The mathematical definition: 

• Graphically, as the 
tangential line: 

• Numerically, we can not calculate the limit as h goes to 
zero, so we need to approximate it. 

• Apply directly for a non-zero h leads to the slope of the 
secant curve. 
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•  The*mathema.cal*defini.on:*

•  Graphically,*as*the*tangen.al*line:*

•  Numerically,*we*can*not*calculate*the*limit*as*h*goes*to*
zero,*so*we*need*to*approximate*it.*

•  Apply*directly*for*a*non?zero*h*leads*to*the*slope*of*the*
secant*curve.*
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…*
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•  This*is*called*Forward'Differences*and*can*be*derived*
using*Taylor�s*Series:*
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Reminder: errors
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• Truncation Error: introduced in the solution by 
the approximation of the derivative 

• Round-off Error: introduced in the 
computation by the finite number of digits 
used by the computer 

• Solving differential equations is done in 
multiple steps. Therefore we also have: 
• Local Error: from each term of the equation 
• Global Error: from the accumulation of local 

error 



Truncation errors 
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• Let f(x) = a+e, and f(x+h) = a+f. 
• Then, as h approaches zero, e<<a and f<<a. 
• With limited precision on our computer, our 

representation of f(x) ≈ a ≈ f(x+h). 
• We can easily get a random round-off bit as 

the most significant digit in the subtraction. 
• Dividing by h, leads to a very wrong answer for 

f’(x). 



Error trade-off
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Error trade-off*
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•  Using*a*smaller*step*size*reduces*trunca.on*error.*
•  However,*it*increases*the*round?off*error.*
•  Trade*off/diminishing*returns*occurs:*Always*think*and*test!*

* Log*error*

Log*step*size*

Trunca.on*error*

Round*off*error*

Total*error* Point*of**
diminishing*
returns*



“Backward” Differentiation 

A. Glatz: Advanced Computational Methods in Condensed Matter Physics - Introduction

“Backward”*Differen.a.on*
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•  This*forward*differen.a.on*formula*favors*(or*biases*
towards)*the*right?hand*side*of*the*curve.*

•  Why*not*use*the*lec?*
•  This*leads*to*the**

Backward'Differences'formula:*
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Central difference
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Central*difference*
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•  Can*we*do*be<er?*
•  Let�s*average*the*two:*

•  This*is*called*the*Central'Difference*formula.*
•  This*formula*does*not*seem*very*good.*

–  It*does*not*follow*the*calculus*formula.*
–  It*takes*the*slope*of*the*secant*with*width*2h.*
–  The*actual*point*we*are*interested*in*is*not*even*evaluated.*
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•  But,*is*this*any*be<er?*
•  Use*the*Taylor*series*to**

examine*the*error:*

*
*
•  The*central*differences*formula*has*much*be<er*

convergence.*
*
•  Approaches*the*deriva.ve*as*h2*goes*to*zero!!*
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But:
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But:*
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•  S5ll'have'trunca5on'error'problem.'

•  Consider*the*case*of:*

•  Build*a*table*with*
smaller*values*of*h.*

•  What*about*large*
values*of*h*for*this*
func.on?*

f (x) = x
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2h
at x =1,h = 0.000333,with6 significant digits

!f (x) ! 0.0100033−0.0099966
0.000666666

= 0.010050

Relative error:
0.01-0.010050

0.01
= 0.5%



Richardson Extrapolation 
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Richardson*Extrapola.on*
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•  Can*one*do*be<er?*
•  Is*my*choice*of*h*a*good*one?*
•  Let’s*start*with*the*Taylor*series*of*the*difference:*

•  Assuming*the*higher*deriva.ves*exist:*

*
•  Richardson*Extrapola.on*examines*the*operator*ϕ(h)*as*a*func.on*of*h,*

which*approximates f’(x) to O(h2) .*
•  For*h!0:*
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•  Using*these*two*formula�s,*we*can*come*up*with*another*
es.mate*for*the*deriva.ve*that*cancels*out*the*h2*terms.*

*
•  If*h*is*small*(h<<1),*then*h4*goes*to*zero*much*faster*than*h2.*
•  Can*we*cancel*out*the*h6*term?*

–  Yes,*by*using*h/4*to*es.mate*the*deriva.ve.*
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Generalization
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Generaliza.on*
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•  Let*us*define*the*
central*differences*
operator*for*different*
values*of*h:*

•  I.e.*

•  Or*for*h→h/2:*

•  Define*Richardson’s*
extrapola.on*
operator:*
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Richardson Extrapolation Theorem 
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Richardson*Extrapola.on*Theorem*
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•  These*terms*approach*f’(x)"very*quickly.*

•  Since*m≤"n,*this*leads*to*a*two?dimensional*triangular*
array*of*values*as*follows:*

*
*
•  We*must*pick*an*ini.al*value*of*h*and*a*max*itera.on*

value*N.*
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Example
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Example*
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f (x) =
cos(100x2( )

5

x3

x =1.3, h = 1
128

,N = 5

16.696386
40.583393 48.583393
109.322528 132.235574 137.814897
135.031747 143.601487 144.359214 144.463092
142.068615 144.414238 144.468421 144.470154 144.470182
143.866937 144.466377 144.469853 144.469876 144.469875 D 5,5( ) =144.469875

Which*converges*up*to*eight*decimal*places,*exact*result:*
f’(13/10)=?((30000*cos5(169))/28561)*?*100000/169*cos4(169)*sin(169)*

* *≈144.46987425310895128951775669783203991279122284388…*



Second Derivative
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Second*Deriva.ve*
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•  For*the*second*deriva.ve*we*can*start*with*

•  And*add*them*(cancelling*odd*deriva.ves):*

•  And*therefore:*

*
•  With*error*term:*
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Partial derivatives
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differential equations 
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Euler’s method
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Stability of Euler’s method 
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Taylor’s method 
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Definitions
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One-step methods 
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Linear (m-step) Multistep method 
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Remarks
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PDEs
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Example: 1D heat equation 
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Boundary condition types 
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Crank-Nicolson scheme 
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Summary
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Iterative Solvers for PDE’s
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Spectral methods
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Next lecture:
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