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Numerical Differentiation

e The mathematical definition: _

* Graphically, as the /\

tangential line: N\

X XxX+h

 Numerically, we can not calculate the limit as h goes to

zero, so we need to approximate it.
* Apply directly for a non-zero h leads to the slope of the

secant curve.
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 This is called Forward Differences and can be derived
using Taylor’ s Series:

A. Glatz: Advanced Computational Methods in Condensed Matter Physics - Introduction



Reminder: errors

Truncation Error: introduced in the solution by
the approximation of the derivative

Round-off Error: introduced in the
computation by the finite number of digits
used by the computer

Solving differential equations is done in

multiple steps. Therefore we also have:

* Local Error: from each term of the equation

e Global Error: from the accumulation of local
error



Truncation errors

Let f(x) = a+e, and f(x+h) = a+f.

Then, as h approaches zero, e<<a and f<<a.
With limited precision on our computer, our
representation of f(x) = a = f(x+h).

We can easily get a random round-off bit as
the most significant digit in the subtraction.
Dividing by h, leads to a very wrong answer for

fx).



Error trade-off

* Using a smaller step size reduces truncation error.
* However, it increases the round-off error.
* Trade off/diminishing returns occurs: Always think and test!

Point of
Total error e
Log error diminishing

returns

Round off error

Truncation error

Log step size
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“Backward” Differentiation

* This forward differentiation formula favors (or biases
towards) the right-hand side of the curve.

 Why not use the left?

e This leads to the
Backward Differences formula:

x-h x x+h
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Central difference

Can we do better?

e Let saverage the two:

H_/ H_J

Forward difference  Backward difference

This is called the Central Difference formula.

* This formula does not seem very good.
— It does not follow the calculus formula.
— |t takes the slope of the secant with width 2h.
— The actual point we are interested in is not even evaluated.
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e But, is this any better?

* Use the Taylor seriesto  f(x+h)= f(x)+f'(X)h+f”(x)h—22+f”’(§)§_3'
examine the error: ; h}-
Sx=h)y= )= f@h+ [0~ )

subtracting
Sx+h)= f(x=h)=2f(x)h+ (f"'(é")% + f'"(g)%)

e The central differences formula has much better

convergence. f’(x)=f(x+h)2_hf(x_h)—%f"’(;)hz,CE[X—h,X‘Fh]

* Approaches the derivative as h? goes to zero!!
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But:

Still have truncation error problem.

Consider the case of: f(x)=ﬁ
[x+h‘_[x—h‘
Build a table with fien =t
smaller values of h. at x =1,h = 0.000333,with 6 significant digits
Py = 00100033-0.0099966 _ ) o 0.
0.000666666

Relative error:
\0.01-0.010050\ )

What about large
0.01

values of h for this
function?

5%




Richardson Extrapolation

 Canone do better?
* |s my choice of h a good one?

* Let’s start with the Taylor series of the difference:

* Assuming the higher derivatives exist:

* Richardson Extrapolation examines the operator ¢(h) as a function of h,
which approximates f”(x) to O(4?) .
* Forh—0:
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* Using these two formula’ s, we can come up with another
estimate for the derivative that cancels out the h? terms.

new estimate difference between old
and new estimates

* If his small (h<<1), then h* goes to zero much faster than h?.
e Can we cancel out the h® term?
— Yes, by using h/4 to estimate the derivative.
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Generalization

* Let us define the
central differences
operator for different
values of h:

L =limg(h) = /(%)

e £ =¢(§)+§[¢(§)—w(h)] +o(i*)
| 4
= D(1,0) + E[D(l, 0)-D(0,0)]+0(h*)

 Orfor h—h/2:

extrapolation

operator: ( L )4]
2"

Giving: f'(x)=D(n1)+0
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Richardson Extrapolation Theorem
 These terms approach f'(x) very quickly.

N

* Since m=n, this leads to a two-dimensional triangular
array of values as follows:

Order starts much higher!!!!

 We must pick an initial value of h and a max iteration
value N.

A. Glatz: Advanced Computational Methods in Condensed Matter Physics - Introduction



Example

- (cos(l(szZ)s

x=13h=" N =5

Which converges up to eight decimal places, exact result:
f'(13/10)=-((30000 cos>(169))/28561) - 100000/169 cos*(169) sin(169)
=144.46987425310895128951775669783203991279122284388...
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Second Derivative

For the second derivative we can start with
Fesh) = F@+ @ 0 04 0 s 0 L

f=h) = f)= f @h £ 5= ) 0 T 0 L

And add them (cancelling odd derivatives):

B _

With error term: ! L e (l)
12
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Partial derivatives
¥ A3/9)7B&+5(<)"%&"C36/&/9(41&
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differential equations

B%!"&(%<*I"#$%%$&'()*$+,(-& *CBDEF*

¥ D$G&$4* k
x(k)(t):cclin, k=1,2,---.n

¥ 20$*BDE*" *(&*$+,(-&*"&H-)H"&I*2*QEBAF 4**
LCMIMNNMBEOPD*

¥ [%06$.206"=2$1*Q(6")<*-Q*BDE. *=(&*R$*S%": $&*(.*
JC4E2F QMIMINMBO O3

¥ (&1*=(&*R$*%$!,=$1*2-*(*.<.2$6%-Q*29$*G%.2*-%!$%*BDE. *

dy; dF1g
dt : fi(t7y17y27 "'7yn)7 Yk -— dtk—1 .

¥ T9$%$Q-%$M*S$*=-&."1$%*BDE *S"29*-&$*H (%" (R)SM*."&=$*
Q-%*29" * "&1)$*BDE*=(&*R$*(77)"=(R)$*Q-%*29$*(R-H$*&>=-,

: 4 = f(t,y)



"HSY68, (&) +#,+8& ' &$B)*-' *$Y%o-1#0H Y0
$20+%6#2'*324*561%*

dy Definition:(Lipschits condition)

— = f(t,y) D CR? f:D— R: afunction, f:(t,y) — R

dt A function f(¢,y) satisfies a Lipschits condition, if

y(a) = . 4L > 0: a constant such that, |f(t,y1) — f(¢t,y2)| < Lly1 — yo|
for V(t,y1), (t,yo) € D. L: Lipschitz constant for f

Theorem:(Existence and uniqueness)
D:={{(r,y)|a<t<T,|ly—a| <p} for some > 0.

If f(t,y) is continuous on D (or AM > |f(t,y)]),

and f(t,y) satisfies Lipschitz codition in y on D,

then 3J[a,b] C [a,T] on which a unique solution to the ODE
y = ¢(t) exists with an initial value ¢(a) = «.
Definition:(Stability)

Consider a perturbed equation % = f(t,z) +6(¢).

The initial value problem is calleé stable, if de > 0, and K > 0,
such that, whenever |eg] < € and |0(t)| < e for Vt € [a, b],

the perturbed equation has a unique solution that satisfies
|z(t) — y(t)| < Ke for Vt € [a,b].



Euler’s method

4,7'9-$%(*+$(97961#(B1#"$(5%, d—iy = f(t,y) yla)=a, te|a,b]

¥ D$ECHC+$(7")$%9=1#(155%,F9)16,7(*,(*+$(SF1="BEGRIH(
¥ 2%(9'(-$*$%)97$-(L*(*+$('$*(K(-9'=%$*$(5, 9 AL G+ G C(
¥ N$(=+,, '$($O" 1##<('51=$-(5,97*REPIHE9*+(+3GHC>BARIR/((

From Taylor expansion of y(t) in t € [t;,t;41], 3¢ € [t;, ti41]

1
y(t) = y; + yh(t — t;) + gy”(fs)(t —t;)2,
we have at ¢t = 1,41,

Yit1 Y 1
v =" = S (Oh = [t i),

Euler’'s method approximate this equation by

wo = «a,

e — W,
“Llh L= f(t;,w;), where i=0,---,N —1
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A99,9" B"(43"A/&39"-3(4,5*"
¥ #66/-71C'1"76"(D7<3"57E39310'F&BIHHE43"399,9"("0-3"6(F.76"C7J31

Yi+1 — Yi h
T == 5 - — f(ti, yi) = gy”(&'),
¥ #15" " .
" 7| = o trél[ifé] 14”|,  (local error).

K,(3"(4'("L; sDLMNO4PH"15H"<&3:9BLH"Q""6'4 "Q"

Theorem:(Global error for Euler’s method)

Let y(t) be the unique solution to % = f(t,y), y(a) =a, t € [a,b.

Let wo, w1, -+ ,wyn be generated by Euler’s method.
If f satisfies Lipschitz condition in y on D = {(t,y) |t € [a,b],y € R}
with Lipschits constant L, and M a constant such that

max |y (1) < M
tela.b]

then

If g—g and g_;; exists, 1" = % g—iy’ = % + g—if may be used to estimate the bound M
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Stability of Euler’s method

T heorem:
d
y(t): the unique solution to d—g; = f(t,y), y(a) =a, tE€ a,b]

u;. generated by Euler's method with finite precision arithmetic,

ug = a+507 (l)
w41 = w; + hf(t;,u;) + 65,
where|§;| <6 for i=0,---, N.

If f satisfies Lipschitz condition in y on D = {(t,y) |t € [a,b],y € R}
with Lipschits constant L, and dM a constant such that

max |y’ ()] < M
te[a.b]

then

| yi —uil < (};j\g + h(SL) elltima) _ ] 4 gelltima),

h M ) .
Remarks: — > —, we will observe O(h) convergence, while global

error would grow for sufficintly small h.
Difference in the initail data « results in |@; — w;| < el(ti=9)|g — qaf.
Therefore the Euler's method is stable.



Taylor’s method

If the higher order continuous derivatives of y(t), and those for
f(t,y) exist, Taylor expansion of y(t), t € [t;,t;41], is written; namely,
36 € [titigr1],

v = iy — )+ ool =P = )

_|_m (n+l)(€)(t $) (1),

We may substitute the followings to the higher derivatives terms

1 d
Y, = %f(tay)h:ti = <—f ff>t=t.,

ot
m_ d? (03] 92 f 82f afof f
Yy, — t2f(t’y)|t:ti_ (8t2 + f@t@ 2f +@E+ ( y) f)t:t‘;

and so on.

The second order Taylor method: w;41 = w;+hf(1;, wZ)—I———( iy W;).
The fourth order Taylor method:

] P o)+ ).

W;41 = Wy + hf(tiwi) + — 31 Jt2 4! dt3

o (ki wi) +



Definition§

B2'$(%(/"$=<C)2'$D":E"$=").$8)F/.G%-%/<H)

If , -0 as h — 0, the method is called consistent.
If 7, = O(hP), the method is of order p.

If lim max |y; — w;| = 0, the method is called convergent.
h—0 1<i<N

If 3k(t) s.t. |w; —w;| < k(t;)|a— | for Vi, the method is called stable.



One-step methods

wZ—I-lh_ o — ¢(f7 ti, wy, h’)

d
A[}ﬂo T = d_?tJ(ti) — ¢(f,ti v, 0) = f(ti,yi) — o(f, ti, 94, 0)

"HBYO&H (& +,(8%(=+"%8%&Hf (ti, yi) = ¢(f.ti i, 0).

B#)1:C3(>A(&*H#(+"#S$Y%E&H (& +,(8%(=+"108% & H"&.(((
>&(=1"(F#(%*+G"(&*1&(5" #:(=#:&18" (=+",86+"%3(+"#SY0&H'(
=+"D#:E#"&( (=+"%8%&H#"&.(((



S0H+84288 0A2<B. 748,2'3+4" ##

¢(f7t7 Y, h) — alf(ta y) + CIQf(t + 527 Y + AQf(ta y))

C2'28,602#;+05'&0' SR EH EH E#S5+# J&HE 2+, 25#GHIRH#

&--8+J6,&/+0#+KH#'32#AH3K:%+8#,2'3+4"#

h
a/]_—l_a;z:]., and52=A2=£

ME1+460Q24#0.%28#,2' 3HN&YBK#5'2-#0.%28#P#164-+60'#60'2A8&/
w = w; + gf (ti, ’LUZ') , § ki = f (tiv wz’)ha .
wz’-l—l:wi‘l'hf(ti‘l‘ng) k22f<ti+§’wi+§kl>’
w;41 = w; + hko.
MENZ.0#,2'3+4"HHG02#5'2-#0.%28#P#L8&-2(+64&%#60'2A8&/+0"1#
w=w; + hf(;,w), > k1= f (&, w;),
h -
Wiy = w; + E[f (t;,w;) + f (t; + h, )] ko= f(ti+ h,w; + hky),
h
Wi41 = w; + 5(7@1 + ko).
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@G-/,&%#BD>#,2'3+4¢

k1= f(,w;),
) oh | 2h
w—wi-l-?f(tz’,’wi), —3 k2=f<ti+?7wi+?kl)v
h 3h 2h _
Wi41 — Wi + Zf (ti’ wZ) + Zf (ti T ?’ ’(U) Wi = w; -+ %(k'l + 3k2).

@ *%&556; &% 28#B.0C2<D.7&#,2' 34"
k1= f(ti, w;),
ko= f (ti‘|‘ ngi +gkl) :
k3= f (ti-l- g,wi -I—gkz) ,
ka = f (t; + h,w; + hk3),
wip1 = wit (k1 + 2k + 2k + ka).

E32#%+;&%#'8.0;&/+0#288+8#+F#'32#.448823BQT24D . 7 &
,2'3+4#65HGN3H
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Linear (m-step) Multistep method

Wi — S aiwi g m . _ .
i+ g=1%%i+1—3 _ Z bjf(ti—|—1—j7wi—|—l—j) bp =0 EXD|.IC.It
h; =0 bg =0 : Implicit

75%)+"$,345:' BD'EF'G4&"C'D'AF'66'F")’
H$&"19%244@#,$I&%2#]', 3$'K4,3'+"5$'4G",3$'LHMF"

sty = v + [ F @) & = ()

¥ N3$'@)-1""#$%&)012+,$-)$,345"+'5$&"I1$5'G&4)"#, $&-41%E#4.1'G(
A-A1>#4)"%1'4G'485$8")6'

¥ N3SMO-1"P"#$%&")012+,$-")$,345'G&4)"#,$8-41% 24T -4 1>H#4)"%1'4
4&85%&')*P’

QOK+2,0,$',3$'G4&)B¢,..D-(,. 'RS(,"#,3$"#,$I8%1'G4&)'4G'LHMF %
"#,$J&%,%",",4'"?%1?00 %, $'
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Remarks _

B7"("C2,9=9-(=7"#"(9'($,'1(=$,,"8()8$D$ TE1%FT9#2,9=9-()8$#>613,-1
GC2,9=9-('=7"#"(#$<(H"("1=9"5-('95="(- 7 FKIL(LE("$%,9"%("-"2'($%"(3"¢
B7"(-$%45M(N$,3" (E 1029894%, (NS, 3" LFRBF (K($%" (%"R39%"8(E1%(-7
D (#"-718%((
B7""($%"(=$,=3,$-"8(E%1#(15">'-"2(#"-718(1E(-7"('$#" (1%8"%*(
S1%(- 7962, 9= 718F (NS, 3" ($-{rf (K- (9'(=$,=3,$-"8(E% 1#($5($,M"HY
"R3$415*((?-(9'(9-"%$4N",<('1,N"8(3:9FB(BB( 2, 9-(3,4'"2(#"- 718(1E(
7" ($H#" (1%8"%($'($5(9594%, (M3™*(((
U'3$,,<(-79'(9-"%$415(9'(815"(H<(89%"=-('3H'4-3415F($58(15,<(15" (1"
0-"06$415'($%" (#$8"*((B79'(2%1="83%"(IHSGB(- 1% (V(=1%%"=-1%(":
S19%(-79'(=7"#"F(-7"["AL%8"%(E1%#3,$(9'(- 7"(#1'-(2123,$%*(((

Predictor step (explicit formula)

4
> bif(tig1—j wig1—5)
j=1

W;41 — Wy
h

Corrector step (implicit formula)

3
W;41 — Wy _
s - L= bof(tit1,Wig1) + E bjf(ti—l—l—jvwi-Fl—j)
J=1




PDEs

¥ 24%=/4+*$+%+/%B"#$CY%!"#$%*:6%89D6:643%)%6E 2*3/4%+7*+%=/4+*9
I"#$96& (&) H#96HB " #-%$941)6%J*: 9*K)6LY%M24=3/4$%*48%+769:%1*:3*)%:

¥ N76<%86%=;9K6%*%G986%J*:96+<%/M%1764/064*%$2=7%*$-%
$/248C%76*+C%6)6=+:/$+*3=$C%6)6=+:/8<4*09=$C%0298%0/GC%B)*4
06=7*49=$'%

¥ ?2M%P%9$%*%)946*:%M24=3/4%/M%2%*48%9+$%86:9J*3I6$C%+764Y
100/4%6Q*01)6$%/M%)946*:%!"#$%94=)286%+76%76*+%6E2*3/4C%-+7
R*1)*=6S$%6E2*3/4C%T6)07/)+,%6E2*3/4C%U)694V(/;8/4%6E2*3/4C%*.
BE2*3/4'%

¥ B"#$%/\W64%0/86)%/46>89064$9/4*)%8<4*09=*)%$<$+60$C%!"#$%6/W6:
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ox
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Example: 1D heat equation
712:;9'=) )E) . #29);2;04&) @ 129)IE2GHI)E)IF"I)
K)L:&&)/:)-, M2;-)9:N'="2@")$'-,19)-1)#%%=1":$#-")-,"):1&/012)
O1=L#=9)9;N'=2@")P1=)
7'2-'='9)9;N'="2@")P15)..FL)9;:@="06")PI2@012)/)L;-,)="%'@-)-1)
L;-,)d=;9):;,6"), .#29)9'21-)-, ) Q#&/)#-)"ERy)#:) })
S'AL=;-")"./#012):2)-'=$:)1P)-,)M2;-)9;N'="2@")#%%=1":$#012:()
)
7 TN RIU JE))PR)ANVET) Pl Y,

I""#'W,) &1 @#&)-=/2@#012)'==1)PXEP)-,)&'Y),#29):;9429);:)
XFV.D)P=1%$)-,1=J,-),#29)::9'4)W V%#=#$'-'=):EU V)9'-'=$;2")-,)
-#Z,&;-7)

"#$%8. ([ LL)#8.8)P/2@012)Q#&L19)-1)Z):-1="9)#29) @#& @/&#-'C
Yoh=-'8&?4)3&8&);2;048) QHE#ILEH)2"9)-1)Z)J:Q'2) ZIYW, YM2;-)
IN'=2@")$-,19)4Z1Q");:)"%&; @);-4



Boundary condition types

¥ A)$"884)%/+B&,B)"C)-1/)."DA/8)+0)E+BISEI0EE NH& Vot
)&* &O"
"HEY6& (U +$,-B./06H%S,08'5/%" UoHS $'1%6$961 28-S 15,41 $H#"2+$./9
5"6*0$7%$'229628' $'$8"10. 1. $# %6$76.$./%6$'8.6"5.%()%6# . 6496$5"6*;
91"51:$
F™)8$)GHI)"$)&$)+$-/'B&BIB)y (a) — o and 3/ (b) =
FI&<HD 0w ) - vy n(x) = f(x) vx € o9
M A)DHS%E (\B&AHI0)-")-:/)."DA/B)& ) E-+BISBY 23 4)HE Yo+,
)& &0
"HSU6& ("% $,-$" 1965961 28" $1 S, 4" 1$H' 28, 08/96* 25" $70"46.96%: 064"
<HBU6$"-$. /%) T ($5"6*287%$91"515.$./.$)" 1.$,1$0)'8%:$
y(x) = f(x) Vax € o)

¥ 1"#$%&'():&0)-:/)C"8)"C)&)*# B/)")0# C&*/)-:&-)E+B/0)&)B&4#/)-")-:/)
$"'8&4)%/'+B&,B/)&$%)-:/)B&'+ BB, J#E&*Yo+,-)&*.) &0
=/%0%$HUSL' . 6#*$-"#+$%:3:+$0%68" 128" #206#$>? @+$5/%#% $4A'B!
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Crank-Nicolson scheme
B/4-8,-)*$,(/"-#CH($-4./- 1#A-IDSHI*$-#$;-:[ES/-
H 8q~ﬂI|J F9|KL-&-G|;%K-8| oH I\)'FN_
O/ES$/-4./-"&,).10/-P*"-QR' RL6-

n+1 n

i ;” =@#)C )" U™
S* ' ILMG6-!"#3%&'()*+,*$-
IH#S-#T*(-#5>-"1,4"()9*$,-*3-,4#U(+(4>-)*$;(9*$, -
V)*$;(9*S#++>- 4#U+/-$*-0#</"-W . #4-4./-T#+8/-*P-,-(,-(
X" -L2-
?,-(07+()(46-C/4-4./-YSINAY -T#+8/-*P-8-($-90/-#S$;-4 #4-#-,>,4/0-*
#+C/U"#()-/D8#9*$,-08,4-U/- *+T/;2-2%-0#$>-7"*U+/0,Z-/, 7/) (#++>-+

([8,(*$Z-4.-#+CIU"H()-T"*U+/0-G2(;(HC*$i##$;-0#>-UI-N) (1$4+>-
FHT-W(4.-4.14" ((HC*SHOHA" (N-#+C*"(4.0-

S*' ' RLMG-W/-$//;-4.1-)*$;(9*$-, RLMFGR{P*"- 4#U(+(4>-




Summary
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Iterative Solvers for PDE’s

I"#$%&'()*%+"#%,-%.-/.011-#%"*%20#-".%-34"105#%*$*1-6*%"71-.%80*+.-109"105#9
".10+42".%75.%06;20+01%*+<-6-*=>%75.%1<-%75225/0#@%-34"105#A

|t Do B DS 57 ges 0 gy (BB

%% #% “H% #% %% #%

1<-.-%# Y%-%*;"10"2%+55.80#"1-*9QE28%0

I CY% % 20#-" SRB#YP00*%+2-".A%*;"10"2%@ 6D 108D O&R* 8% 1 5%ERY @ 5#"2%
-2-6-#1*%0#%1<-%6"1.0F%75.%1<-%20#-".%-34"105#

| C#%1<-%;.-*-#+-%5BO#H5H%1-.6* %o @94 <5*-%+"#%,-%";;.5F06"1-8%,$B%->@>B9
-F;20+01%*52D-.*%"#8%1<-#%4*-8%"*%+5#*1"#1*% 75.%1<-%01-."10D-%*+<-6-

I G<-#%01-."10D-%*52D-.%75.%009-882084" 1 05#%*$*1-6%+"#%,-%4*-8

I C7%1<-%106-%80*+.-109"105#%0*%*4770+0-#1 23636 12,8962 2406 * 2204468 %
1<-%+5#D-.@-#+-%57%1<-%01-."10D-%*52D-.*%+"#%,-%7"*1
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Spectral methods

¥ AQ79%H)-OBHEHTSH) YT, DI*%#) ) E57$6, 1) ((<)5.97F)(,GH&)
&-H#H&)ITUHE" ('6TF)",(<7,*9'(.0)))

¥ I"H$%&()*H%+ )C)""&, DI*%H#) ) E57$6,7)5.97F)F(,H'()+OF+#&),&-+
97%#&" (‘6 7TF)",(<7,%9'(.0)))

¥ 1.97F)."#3%& ()*#%-+,-J)')+OF+#&),&-#&) " &, DI*'6,7)$'7)H#)*-#) G¢
* #&'%#)$,*"5%'6,7'()&#.,5&$#.0)))
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Next lecture:

| I"#$%&'()*+,&'-),%-.5%)/$,$*+0"*#)
| 1+0+)+,+23#4#)
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